Abstract. Given a family of Dirac-type operators on an odd-dimensional closed manifold, we construct an abelian gerbe-with-connection whose curvature is the three-form component of the Atiyah-Singer families index theorem.
Introduction
To a family of holomorphic connections on a holomorphic vector bundle over a Riemann surface, Quillen associated the so-called determinant line bundle [15] , a line bundle on the parametrizing space with a natural connection. He also computed the curvature of the connection. Quillen's construction was extended by Bismut and Freed to the setting of a family of Dirac-type operators on an even-dimensional closed manifold [2, Chapter 9.7] , [5] . The curvature of the connection is the two-form component of the Atiyah-Singer families index theorem. A remarkable feature of the determinant line bundle is that it is well-defined and smooth even though the kernels and cokernels of the operators may not form vector bundles on the parametrizing space, due to jumps in their dimensions.
In this paper we perform an analogous construction for a family of Dirac-type operators on an odd-dimensional manifold. The determinant line bundle is replaced by an abelian gerbe-with-connection.
Information about gerbes is in the book of Brylinski [7] and the paper of Breen-Messing [6] . We will use a concrete approach to abelian gerbes described by Hitchin [13] . Given a manifold B with a covering {U α } α∈I by open subsets, one obtains a C * -gerbe from 1. A line bundle L αβ on each nonempty intersection U α ∩ U β , 2. An isomorphism L αβ ∼ = L −1 βα and 3. A nowhere-zero section θ αβγ of L αβ ⊗L βγ ⊗L γα on each nonempty intersection U α ∩U β ∩U γ such that 4. θ βγδ θ 2. θ αβγ is covariantly-constant with respect to ∇ αβ ⊗ ∇ βγ ⊗ ∇ γα and 3. On each nonempty intersection U α ∩ U β , we have F β − F α = c 1 (∇ αβ ), the first Chern form of the connection ∇ αβ .
Suppose
The curvature of the connection, a globally-defined 3-form on B, is given on U α by dF α . Now let π : M → B be a smooth fiber bundle with closed odd-dimensional fiber Z. Let T Z = Ker(dπ) denote the vertical tangent bundle, a tangent bundle on M. We assume that T Z has a spin structure. Let SZ be the corresponding spinor bundle. Let g T Z be a vertical Riemannian metric. Let V be a complex vector bundle on M with Hermitian metric h V and compatible Hermitian connection
There is an ensuing
Let T H M be a horizontal distribution on M. We now describe a gerbe on B. We first choose an open covering {U α } α∈I of B with the property that there are functions
It is easy to see that such {U α } α∈I and {h α } α∈I exist. If U α ∩ U β = ∅, then the eigenvalues of the operators
over U α ∩ U β are 0, 2 and −2. Let E −+ be orthogonal projection onto the eigenspace with eigenvalue 2 and let E +− be orthogonal projection onto the eigenspace with eigenvalue −2. (The notation for E −+ is meant to indicate that on Im(E −+ ), D β is positive and D α is negative.) Then the images of E −+ and E +− are finite-dimensional vector bundles on
The line bundle L αβ inherits a unitary connection ∇ αβ from the projected connections on Im(E −+ ) and Im(E +− ). We take F α to be the 2-form component of a slight generalization of the Bismut-Cheeger eta-form (see [4, Definition 4 .93] and (2.19) below). Usually in index theory the eta-form is most naturally considered to be defined up to exact forms, but we will need the explicit 2-form component.
A different choice of {h α } α∈I gives an equivalent connection.
Richard Melrose informs me that he and collaborators are working on related questions from a different viewpoint. I thank Richard, Dan Freed and Paolo Piazza for discussions. I thank MSRI for its hospitality while this research was performed.
We remark that there are papers in the mathematical physics literature with the goal of relating gerbes to the gauge-invariant construction of fermionic Fock spaces [8, 9, 11].
Eta-Forms and their Variations
As for conventions, if V is a vector bundle on B with connection ∇ V and curvature
∈ Ω even (B). With this convention,
is a closed form whose de Rham cohomology class lies in the image of H * (B; Q) → H * (B; R). We write c 1 (
is a Riemannian metric on B with curvature 2-form R T B then we define A(R T B ) ∈ Ω 4 * (B) similarly, so that A(R T B /2πi) is a de Rham representative of the usual A-class in rational cohomology.
Let π : M → B be a fiber bundle as in the introduction. Let T ∈ Ω 2 (M; T Z) denote the curvature of the horizontal distribution, a T Z-valued horizontal 2-form on M. Let c(T ) denote Clifford multiplication by T .
Let π * E be the infinite-dimensional ungraded vector bundle on B whose fiber over b ∈ B is 
provided that α and β are trace-class operators. Then there is an extension of Tr σ to an Ω Tr σ e 
is a smooth 1-parameter family of superconnections then formally, d dǫ
Let {D(ǫ)} ǫ∈[0,1] be a smooth 1-parameter family of operators D as above. Then (2.6) is easily justified, and gives d dǫ
The Duhamel expansion of s σ
If we consider the component of (2.9) of degree 2k with respect to B then only a finite number of terms in the expansion (2.9) will enter. From (2.3), . Taking
we obtain
The next result is the same as [14, Proposition 14] . We give the proof for completeness.
is a smooth 1-parameter family of operators as above then
Proof. Formally,
It is easy to justify these formal manipulations.
Let {U α } α∈I be a covering of B by open sets. For each α ∈ I, suppose that D α is a family of operators {(D α ) b } b∈Uα as before, defined over U α . We assume that for each 
Let A s (ǫ) be a smooth 1-parameter family of superconnections. As in Proposition 2, when the terms make sense, we have
Proposition 3. Let {D α (ǫ)} ǫ∈[0,1] be a smooth 1-parameter family of D α 's as before. Then
Proof. This follows from (2.11), Proposition 2 and (2.22). and
The 1-Form Case
The degree-0 component η
is an integer-valued function on U α ∩ U β . Hence if
Thus the functions {f α } α∈I piece together to give a function f :
is represented in real cohomology by the closed form on the right-hand-side of (3.2).
The Index Gerbe
Let η
is a smooth 1-parameter family of mutually-commuting invertible operators as before then η α (ǫ) (2) ∈ Ω 2 (U α ) is independent of ǫ.
Proof. From Proposition 3, it is enough to show the vanishing of the component of LIM t→0
in Ω 1 (B). This is the degree-1 component of
Using the fact that dDα dǫ commutes with D α , the degree-1 component of
As 1 0
(1 − 2 u) du = 0, the proposition follows. Proposition 5.
Proof. Let {∇(ǫ)} ǫ∈[0,1] be a smooth 1-parameter family of Hermitian connections on V . As in (2.22), we have
du ds.
Using Proposition 4 (in the finite-dimensional setting) and the spectral theorem, we can deform D to P + − P − without changing η (2) . Hence we assume that D = P + − P − . Let us write ∇ = ∇ 1 + ∇ 2 , where ∇ 1 commutes with D and ∇ 2 anticommutes with D. Put
Hence from (4.9), it suffices to compute η (2) when ∇ = ∇ 1 . In this case,
from which the proposition follows.
4.2.
Infinite-dimensional case.
is independent of the particular choice of D α .
Proof. We have
At this point we do not have to assume that D α is invertible. Furthermore, the question is local on B, so we may assume that
for some 2-form-valued coefficients
In particular, this may be nonzero. We now make the assumption that if U α ∩ U β = ∅ then D α commutes with D β . We wish to compute η
. Define E −+ and E +− as in the introduction. As D β − D α is smoothing, E −+ and E +− are finite-rank operators.
Proof. From Proposition 6, we may assume that the superconnection on U α is s σ D α + ∇, and similarly on U β . For ǫ ∈ [0, 1], put
Note that
is smoothing. From (2.22), Then as in (4.9),
where the last line comes from the off-diagonal nature of
. Hence we may assume that the superconnection on U α is s σ D α + ∇(1) and that the superconnection on U β is s σ D β + ∇(1). Due to the diagonal form (4.19) of ∇(1), when we now calculate η β − η α the terms coming from Im(I − E +− − E −+ ) cancel out. Then η β − η α is the difference of the two eta-forms of the finite-dimensional vector bundle Im(E −+ ) ⊕ Im(E +− ), equipped with the connection E −+ ∇ E −+ ⊕ E +− ∇ E +− , where the eta-form is computed first with D β and then with D α . The proposition now follows from Proposition 5.
Define L αβ as in (1.1), with its connection ∇ αβ induced from the connections E −+ ∇ E −+ and E +− ∇ E +− . Let F αβ denote its curvature, an imaginary-valued 2-form on U α ∩ U β . Proposition 7 says that on U α ∩ U β ,
Suppose that U α ∩ U β ∩ U γ = ∅. Given a, b, c ∈ {+1, −1} let H abc be the subbundle of π * E on which 
There is an obvious nowhere-zero section
In general, let E be a Hermitian vector bundle with Hermitian connection ∇ E and let E 1 and E 2 be subbundles of E such that there is an orthogonal direct sum E = E 1 ⊕ E 2 . We do not assume that ∇ E is diagonal with respect to E 1 and E 2 . Let ∇ E 1 and ∇ E 2 be the induced connections on E 1 and E 2 , respectively. We have corresponding connections
Recalling the definition of L αβ from (1.1), it follows that the section θ αβγ is covariantly-constant with respect to
In summary, we have shown that {D α } α∈I determine a gerbe on B with connection. From (2.26), its curvature is
∈ Ω 3 (B). (4.26)
To recall, the conditions that we imposed on {D α } α∈I were 1.
In order to construct a gerbe-with-connection that only depends on D 0 , ∇ π * E and T , as in the introduction we assume that
. From spectral theory and the continuity of the spectral projections of (D 0 ) b with respect to b ∈ B, it is easy to see that such {U α } α∈I and {h α } α∈I exist. Given {U α } α∈I , suppose that we make another choice {h Proof. From the universal coefficient theorem, it is enough to show that the result of pairing the rational cohomology class (4.26) with an integer homology class y ∈ H 3 (B; Z) is an integer. As the map s : Ω SO 3 (B) → H 3 (B; Z) from oriented bordism to integer homology is surjective, we may assume that there is a closed oriented 3-manifold X and a smooth map φ : X → B such that y = φ * ([X]), where [X] ∈ H 3 (X; Z) is the fundamental class of X. Then we can compute the pairing of (4.26) with y by pulling back (4.26) under φ to X and computing its pairing with [X] . Let π ′ : M ′ → X denote the fiber bundle obtained by pulling back the fiber bundle π : M → B under φ : X → B. Let Z ′ denote the fiber of π ′ : M ′ → X and let V ′ denote the pullback of V to M ′ . Then by naturality, it is enough to show that
is an integer. As T Z has a spin structure, T Z ′ has a spin structure. As X is an oriented 3-manifold, it has a spin structure. Then T M ′ = T Z ′ ⊕ (π ′ ) * T X has a spin structure. Furthermore
The right-hand-side of (4.31) is an integer by the Atiyah-Singer index theorem.
